A two force-constant model is proposed for complexes of the type B· · ·MX, in which B is a simple Lewis base of at least C 2v symmetry and MX is any diatomic molecule lying along a C n axis (n ≥ 2) of B. The model assumes a rigid subunit B and that force constants beyond quadratic are negligible. It leads to expressions that allow, in principle, the determination of three quadratic force constants F 11 , F 12 , and F 22 associated with the r(B· · ·M) = r 2 and r(M-X) = r 1 internal coordinates from the equilibrium centrifugal distortion constants D e J or ∆ e J , the equilibrium principal axis coordinates a 1 and a 2 , and equilibrium principal moments of inertia. The model can be applied generally to complexes containing different types of intermolecular bond. For example, the intermolecular bond of B· · ·MX can be a hydrogen bond if MX is a hydrogen halide, a halogen-bond if MX is a dihalogen molecule, or a stronger, coinage-metal bond if MX is a coinage metal halide. The equations were tested for BrCN, for which accurate equilibrium spectroscopic constants and a complete force field are available. In practice, equilibrium values of D e J or ∆ e J for B· · ·MX are not available and zero-point quantities must be used instead. The effect of doing so has been tested for BrCN. The zero-point centrifugal distortion constants D 0 J or ∆ 0 J for all B· · ·MX investigated so far are of insufficient accuracy to allow F 11 and F 22 to be determined simultaneously, even under the assumption F 12 = 0 which is shown to be reasonable for BrCN. The calculation of F 22 at a series of fixed values of F 11 reveals, however, that in cases for which F 11 is sufficiently larger than F 22 , a good approximation to F 22 is obtained. Plots of F 22 versus F 11 have been provided for Kr· · ·CuCl, Xe· · ·CuCl, OC· · ·CuCl, and C 2 H 2 · · ·AgCl as examples. Even in cases where F 22 ∼ F 11 (e.g., OC· · ·CuCl), such plots will yield either F 22 or F 11 if the other becomes available. C 2016 AIP Publishing LLC. [http://dx
I. INTRODUCTION
There are two measures of the strength of the interaction of two molecules B and A in a complex B· · ·A that are commonly employed, namely, the dissociation energy (i.e., the energy required to dissociate the complex into B and A) and the intermolecular stretching force constant k σ (i.e., the restoring force per unit infinitesimal displacement). Various expressions are available for determining k σ for a complex B· · ·A from its quartic centrifugal distortion constant, either D J or ∆ J depending on the symmetry and the reduction used. The quartic distortion constants are functions only of quadratic force constants and molecular geometry. The simplest expression results from the diatomic model, 1 which assumes that B and A can be approximated as point masses. A more sophisticated approach was developed by Novick 2 (for linear complexes composed of an atom B and a rigid, diatomic molecule A) and by Millen 3 (for linear, symmetric-top and asymmetric-top complexes). Millen assumed both B and A to be rigid (in practice that means the intermolecular stretching a) Authors to whom correspondence should be addressed. Electronic addresses: nick.walker@newcastle.ac.uk and a.c.legon@bristol.ac.uk force constant is very much smaller than all other force constants belonging to the same symmetry species) and both to have extended masses and non-zero moments of inertia. This model was proposed initially for weak hydrogen-bonded complexes B· · ·HX, in which B is a small Lewis base and X is a halogen atom or a group such as CN or CCH, etc., i.e., cases for which k σ ≪ k HX , but has also been applied to halogen-bonded complexes B· · ·XY, in which X and Y are halogen atoms. Recently, following the original work on complexes Rg· · ·MX and OC· · ·MX (M = Cu, Ag, or Au; X = F, Cl, Br, or I) by Gerry and co-workers, [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] we have been investigating systematically by rotational spectroscopy a wide range of complexes B· · ·MX involving another type of non-covalent interaction which links a coinage metal halide MX (M = Cu, Ag, or Au, X = F, Cl, or I) via the metal atom M to one of a number of small Lewis bases B (for example, B = N 2 , OC, NH 3 , HC≡ ≡CH, H 2 C= =CH 2 , (CH 2 ) 3 , H 2 O, and H 2 S). [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] In the more strongly bound of these complexes, the approximations that B is unchanged on complex formation and that the intermolecular stretching force constant k σ is very much smaller than all stretching constants of the same symmetry are not valid and in particular the order k σ ≪ k MX does not hold. In such circumstances, the Millen equations are only approximate; recent work indicates that the diatomic approximation gives better agreement with results calculated ab initio. 26, 29, 30 Here we present a model that is appropriate to a wide range of complexes B· · ·MX. It includes cases for which the two quadratic stretching force constants k σ and k MX are of similar magnitude, as well as those for which k σ ≪ k MX . The model is applicable to molecules B· · ·MX of C nv symmetry (n ≥ 2) in which any diatomic molecule MX lies along the C n axis. For example, the intermolecular bond of B· · ·MX can be a hydrogen bond if MX is a hydrogen halide, a halogen-bond if MX is a dihalogen molecule, or a stronger, coinage-metal bond if MX is a coinage metal halide. The model involves only the principal axis coordinates a M and a X of atoms M and X and the principal moments of inertia I B···MX αα of the complex B· · ·MX. These quantities are readily available (the coordinates often as the r s or r m variety) for B· · ·MX, giving reasonable approximations to the equilibrium quantities that are strictly required by the model.
II. THE MODEL
The relationship between the quadratic force constants k σ and k MX and centrifugal distortion constants D J or ∆ J will be derived first for a planar complex of C 2v symmetry in which the molecule MX lies along the C 2 axis, for example, ethyne· · ·MX. The resulting equation is then easily generalized for linear or symmetric-top complexes B· · ·MX (where M can be H, Cu, Ag, or a halogen atom) of C nv symmetry (n ≥ 3) as long as MX lies along the C n axis. The labelling of the atoms and other aspects of nomenclature to be employed are shown in Figure 1 . Atoms M and X are labelled 2 and 1, respectively. The C 2 axis coincides with the principal inertia axis a, so that the principal axis coordinates of atoms 1 and 2 are a 1 and a 2 , respectively. Also implied in Figure 1 are the positions of the centres of mass of the complex B · · · M-X and the separate molecules B and M-X. The internal coordinates of interest here are FIG. 1. This figure shows definitions of the principal inertia axes of a complex C 2 H 2 · · ·M-Cl, the C 2 H 2 molecule and MCl together with various distances used in the derivation of expressions relating the quadratic force constants F 11 and F 22 to the centrifugal distortion constant ∆ J . The experimentally determined geometry of C 2 H 2 · · ·Ag-Cl (drawn to scale) 29 has been used as an example. the distances r 1 and r 2 indicated. It is convenient to use the nomenclature F for the quadratic force constant matrix of B · · · M-X, so that the notation used by Millen 3 maps on to that used here as k σ → F 22 and k MX → F 11 . We assume that force constants higher than quadratic are all zero and that B is rigid. Quartic centrifugal distortion constants such as D J or ∆ J depend only on quadratic force constants. 35 Since quadratic bending force constants belong to different symmetry species from that of F 22 and F 11 , they do not feature here. In what follows, B can have a geometry different from that of the free molecule B when subsumed into the complex, but it must remain unchanged during the motion involving changes in the internal coordinates r 1 and r 2 . Under these assumptions, the only non-zero elements of the F matrix are F 11 , F 12 , and F 22 and thus the only non-zero elements of the inverse force constant ( 
where I e αα , etc., are the elements of the (diagonal) equilibrium inertia tensor and
and r i is an internal coordinate. α βγδ are to be permuted over the principal inertia axes a, b, and c. For the model molecule described above, the centrifugal distortion constant ∆ J is related to the various τ α βγδ by 35 h∆
Eq. (1) leads to the following expressions for τ bbbb and τ cccc :
where the sum extends only over the internal coordinates r 1 and r 2 .
A recipe for evaluating the
under the Eckart conditions (which ensure that displacements along internal coordinates do not impart rotational angular momentum to the molecule and do not shift the molecular centre of mass) has been presented. 36, 37 For example, in the simple case in which only distortion along the a axis is being considered,
where a n is the coordinate of atom n in the principal axis frame of the whole B · · · M-X molecule. Moreover, if we are dealing with the internal coordinate r 2 , for example, the sum on the right-hand side of Eq. (6) extends only to atoms to the right of the centre *of the C≡ ≡C in the B used in Figure 1 , so that we have
and similarly for the internal coordinate r 1 , but then only atoms to the right of M are included in the sum,
None of the atoms of B are included in Eqs. (7) and (8) . Although B is assumed rigid, its geometry can be perturbed from that of the free molecule B but must be unchanged during the vibrational motion being considered. For B = ethyne, it is clear that
and that
For a model molecule such as that defined above, Eqs. (4) and (5) lead to
and
By inserting Eqs. (7) and (8) into Eq. (11), Eqs. (9) and (10) into Eq. (12), and then adding the resulting equations, we obtain
Substituting Eq. (13) into Eq. (3) then yields
Note that Eq. (14) contains only the compliance matrix elements, the equilibrium moments of inertia of the B· · ·MX molecule, the masses of M and X, and the principal axis coordinates a 2 and a 1 of atoms M and X, respectively. Isotopic substitution at atoms 2 and 1 can give the r s coordinates a 2 and a 1 by the substitution method (but not equilibrium values unless equilibrium rotational constants are available).
In the limit when bond 1 (M-X here) is rigid, the compliance matrix elements F are zero and Eq. (14) reduces to
It is shown in the Appendix that Eq. (15) is identical to the result
implied (but not stated explicitly) by Millen 3 for a planar, hydrogen-bonded complex B· · ·HX of C 2v symmetry in which HX lies along the a axis and both B and HX are rigid and unchanged in geometry when the complex is formed. In Eq. (16) 
III. GENERALISATION FOR LINEAR AND SYMMETRIC-TOP MOLECULES B· · ·M-X
For a triatomic complex Rg· · ·M-X (Rg is a rare gas atom), a linear complex such as OC· · ·M-X or a symmetrictop complex such as H 3 N· · ·M-X (or indeed the corresponding examples of hydrogen-bonded and halogen-bonded complexes B· · ·H-X and B· · ·X-Y, where X and Y are halogen atoms), the quartic centrifugal distortion constant D J is related to the τ α βγδ simply by 35 hD
Following the same procedure as described above, we obtain
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which is identical to that given in Ref. 3 for linear or symmetric-top complexes.
IV. A TEST OF THE MODEL: BrCN
Eqs. (14) and (18) apply strictly only when equilibrium values of the centrifugal distortion constants, principal moments of inertia and principal axis coordinates are available. A rare example of a molecule for which all the required equilibrium quantities are accurately available for several isotopologues and to which Eq. (18) applies is BrCN in which B = Br, C is atom (2) , and N is atom (1). Table I reproduces the observed equilibrium rotational centrifugal distortion constants D e J for six isotopologues of BrCN together with the equilibrium bond distances r e (Br-C) = r 2 and r e (C ≡ ≡ N) = r 1 reported by Degli Esposti et al. 38, 39 Attempts at a least-squares fit of these D , and F
−1 22
of the inverse force constant matrix by means of Eq. (18), using a 1 and a 2 for each isotopologue calculated from the equilibrium geometry, failed because of the very small contribution that the term in F Table I together with the residuals of the fit. Note that the larger quadratic force constant F 11 is less well determined because of the small contribution of F Degli Esposti et al. 39 
FOR BrCN
For all B· · ·MX molecules so far investigated, only zero-point rotational and centrifugal distortion constants are available and therefore must be used in place of equilibrium values in either Eq. (14) or (18), as appropriate, to determine Table I for list) to Eq. (18) for a series of assumed values of F 11 with F 12 = 0 (red curve). The result for the corresponding fit using zero-point quantities is shown as the blue curve.
In view of the role of BrCN as the model molecule here, we display two such plots for BrCN in Figure 2 . The red curve was obtained by fitting equilibrium quantities while that in blue resulted when zero-point values were used. Note that F 22 varies only slowly with F 11 , so that using this approach if, for example, the approximate value F 11 = 1700 ± 100 N m were available, we could find F 22 = 422 ± 3 N m −1 from the zero-point curve and 435 ± 3 N m −1 from the equilibrium curve.
VI. APPLICATION TO COMPLEXES B· · ·CuCl (B = Kr, Xe, OR CO)
Kr· · ·CuCl 14 and Xe· · ·CuCl 17 are the B· · ·MCl molecules most closely similar to BrCN, in the sense that they are triatomic and Spectral Tables  41 using the well-known relationship  1 between the force constant and centrifugal distortion constant of a diatomic molecule. The resulting plots of F 22 versus F 11 are displayed in Figure 3 , the caption for which includes details of the isotopologues employed in generating the curves. Note that F 22 is smaller than F 11 in the assumed range of the latter and is only a slowly varying function of F 11 .
Thus, if it is assumed that F 11 lies in the range of ±50 N m −1 of the free CuCl value, the ranges of F 22 are 66.8 ± 0.8 N m −1 and 79.6 ± 1.3 N m −1 for Kr· · ·CuCl and Xe· · ·CuCl, respectively. The conclusion is that unless the Cl and were taken from Ref. 17 . In the fits used for this figure, one isotopologue available for Xe· · ·CuCl and one for Kr· · ·CuCl was not used because its inclusion significantly worsened the standard deviation of the fit in each case. For both Kr· · ·CuCl and Xe· · ·CuCl, the principal axis coordinates a 1 and a 2 of each isotopologue were generated from the r 1 m geometry given in the appropriate reference.
force constant of CuCl changes by a large amount when CuCl is subsumed into these complexes, the approach used here provides accurate values of F 22 for the relatively weakly bound species Kr· · ·CuCl 14 and Xe· · ·CuCl. 17 The situation is less favourable for more strongly bound species, however. One such complex is OC· · ·CuCl. 9 When the D 0 J values of 6 isotopologues were fitted to F 22 at each of a series of fixed F 11 values with F 12 = 0 and then F 22 was plotted as a function of F 11 , the result was the curve shown in Figure 4 . It is noted   FIG. 4 . Plot of the quadratic force constant F 22 obtained by least-squares fit of the zero-point centrifugal distortion constants D 0 J , principal moments of inertia and principal axis coordinates a 1 and a 2 for OC· · ·CuCl to Eq. (18) for assumed values of F 11 with F 12 = 0. The spectroscopic data used were for the isotopologues 16 37 Cl and were taken from Ref. 29 . The principal axis coordinates a 1 and a 2 of each isotopologue were generated from the r 1 m geometry reported in Ref. 29. that in this case F 22 F 11 at all points on the curve and a large error in F 11 leads to an error of similar magnitude in F 22 . Hence, it is no longer possible to determine F 22 without accurate knowledge of F 11 . Figure 4 is nevertheless useful in the sense that if either of F 22 or F 11 becomes available by another route, it allows the other to be obtained.
VII. APPLICATION TO ETHYNE· · ·AgCl
The same procedure can be applied to C 2 H 2 · · ·AgCl which has the planar, T-shaped geometry shown in Figure 1 
VIII. COMPARISON WITH THE MILLEN EQUATIONS WHEN APPLIED TO COMPLEXES B· · ·MX (M = Cu, Ag, OR Au)
The equations originally put forward by Millen 3 relating the intermolecular stretching force constant k σ (F 22 here) to the centrifugal distortion constants D e J or ∆ e J were for use with hydrogen-bonded complexes of the type B· · ·HX, where X = F, Cl, Br, etc. Eq. (19) of the present article is that proposed by Millen for a linear hydrogen-bonded molecule such as OC· · ·HCl. 42 Complexes of the type B· · ·HCl are in general weakly bound and the components are small rigid molecules. In such cases, the approximation inherent in the use of Eq. (19) holds, namely, that all modes having the same symmetry as the intermolecular stretching mode are sufficiently high in wavenumber that the last-named mode can be treated as isolated. In the absence of equilibrium spectroscopic constants, it is customary to use zero-point values in Eq. (19) . The Millen equations 3 have led to intermolecular stretching quadratic force constants for a wide range of hydrogen-bonded complexes and to useful generalisations about the variation of hydrogen bond strength when B and HX are varied. 43 Similar success has been achieved by using the same set of equations for a wide range of halogen-bonded complexes B· · ·XY, where X and Y are halogen atoms. 44 Application of the Millen equations to complexes of the type B· · ·MX, where M = Cu, Ag, or Au appears to be less successful and, in those cases where k σ (or F 11 ) is available from ab initio calculations for comparison, it transpires that the Millen equations lead to k σ values that are too small. 26, 29, 30 On the other hand, the simple expression 1 in which B and MX are treated as point masses (that is, when B B and B MX in Eq. (19) become very large and the term in parentheses becomes unity),
leads to better agreement. This result can be understood by considering Figure 6 , which is a version of Figure 4 for the complex OC· · ·CuCl in which the variation of F 22 with F 11 is extended to very large F 11 but with the method of calculation from Eq. (18) exactly as indicated in the caption of Figure 4 . It has been shown in the Appendix that Eq. (18) (18), for assumed values of F 11 with F 12 = 0. The fits were conducted with data for isotopologues exactly as specified in the caption of Figure 4 , the only difference being the greater range of F 11 values.
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Bittner, Walker, and Legon J. Chem. Phys. 144, 074308 (2016) centrifugal distortion constants are employed. On the other hand, the limiting value of F 22 = 112.6 N m −1 from Figure 6 (which results from fitting centrifugal distortion constants of 6 isotopologues rather than one) is obtained when F 11 = 10 20 N m −1 is assumed. This agreement is satisfactory given that Eq. (19) uses zero-point rotational constants in place of equilibrium values in the term in parentheses.
It is clear from Figure 6 why the application of Eq. (19) to strongly bound B· · ·MX molecules, for example, OC· · ·CuCl, seriously underestimates , the larger will be the determined value of F (20) is necessarily greater than that obtained from Eq. (19) . Thus, the diatomic approximation can in some circumstances give closer agreement with results calculated ab initio than those obtained using more sophisticated models for this force constant, for example, for the strongly bound complexes B· · ·MX (M = Cu, Ag or Au).
IX. CONCLUSIONS
A two force-constant model has been presented which is appropriate to complexes of the type B· · ·MX, where B is a simple Lewis base and MX is a diatomic molecule. The model assumes a rigid subunit B and that force constants beyond quadratic are negligible. It allows, in principle, the determination of three quadratic force constants F 11 , F 12 , and F 22 associated with the r(B· · ·M) = r 2 and r(M-X) = r 1 internal coordinates from the equilibrium centrifugal distortion constants D e J or ∆ e J , the principal axis coordinates a 1 and a 2 , and principal moments of inertia by means of Eq. (14) or (18) as appropriate. The equations apply even when F 11 and F 22 are of similar magnitude and were tested for BrCN, for which accurate equilibrium spectroscopic constants and a complete force field are available. In practice, equilibrium values of D e J or ∆ e J for B· · ·MX are not available and zero-point quantities must be used in Eq. (14) or (18) . The effect of doing so has been tested for BrCN. The zero-point centrifugal distortion constants D 0 J or ∆ 0 J for all B· · ·MX so far investigated are of insufficient accuracy to allow F 11 and F 22 to be determined simultaneously, even under the assumption F 12 = 0. The calculation of F 22 at a series of fixed values of F 11 reveals that, in cases for which F 11 is sufficiently greater than F 22 , a good approximation to the latter is obtained. Plots of F 22 versus F 11 have been provided for Kr· · ·CuCl, Xe· · ·CuCl, OC· · · CuCl, and C 2 H 2 · · ·AgCl to illustrate this conclusion. Even in cases where F 22 ∼F 11 (e.g., OC· · ·CuCl) such plots will yield either F 22 or F 11 if the other becomes available by another route. 
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APPENDIX: EQ. (14) IN THE LIMIT OF RIGID, UNPERTURBED B AND MX
We present here proof of the identity of Eqs. (14) and (16) for a planar complex B· · ·MX of C 2v symmetry in which MX lies along the C a 2 axis, when both B and MX are rigid and unchanged in geometry on complex formation. MX can be, for example, a coinage metal halide (M = Cu, Ag, or Au), a hydrogen halide HX, or a dihalogen molecule XY.
Applying the first moment condition to the complex in Figure 1 , we have
where D is the distance between the centres of mass of B and the complex B· · ·MX and correspondingly d is the distance between the centres of mass of B and MX. Because a 1 and a 2 are the coordinates of M and X in the B· · ·MX principal inertia axis system, it follows that 
Applying the parallel axis theorem to B· · ·MX (see Figure 1) , we obtain 
Eqs. (A6) and (A7) lead, with the aid of Eq. (A1) and rearrangement, to
and 
